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Abstract. In this paper, a two-node superelement description is proposed for use in multibody
models which is capable of modelling flexible complex-shaped beam-like components. Assum-
ing that the deformations with respect to a co-rotational frame remain small, substructuring
methods may be used to obtain a dynamical model with reduced mass and stiffness matrices
from a linear finite element model. The development of a two-node superelement is established
by linking a reduced linear finite element model with a non-linear finite beam element capa-
ble of describing large rigid body motion and small elastic deformations. This is achieved by
equating their potential and kinetic energies. Two examples are included. A simulation of the
spin-up motion of a flexible beam with uniform cross-section and a similar simulation in which
the beam is simultaneously excited in the out-of-plane direction. Both examples show good
agreement with simulations obtained using non-linear finite beam elements.
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1 INTRODUCTION
Flexible links in mechanisms may in many cases be considered slender, i.e. one-dimensional
components, which can be correctly modelled by beams. However, the use of beam elements
for modelling of flexible complex-shaped beam-like components, requires the determination of
equivalent stiffness and mass matrices of sufficient accuracy. In many cases the elastic defor-
mations in a local co-rotational frame may be considered small. This allows the use of reduced
order models generated from a standard linear finite element method (FEM), for the modelling
of the elastic deformations. These models are also called superelements.
Different model reduction techniques have been proposed in literature for use in multibody
models. Lehner and Eberhard [1] propose the use of Krylov-subspace projection methods.
Shabana [2] and Cardona [3], [4] among other authors [5], [6], propose the use of dynamic
substructuring techniques. All these reduction techniques have in common that they try to
find a reduced set of coordinates to accurately describe the dynamical behaviour of the flexible
component.
In this paper, a superelement formulation is developed to enhance the modelling capabilities
of a non-linear beam element implemented in the SPACAR software [7]. The distinguishing
point in the description of this finite element, is the specification of independent deformation
modes as generalized deformations that are invariant for arbitrary rigid body motion. The gen-
eralized deformations are expressed as analytical functions of the absolute nodal coordinates in
a co-rotational context.
We employ the constraint modes of the Craig-Bampton technique [8] to obtain a reduced
linear finite element (FE) model described in terms of generalized boundary coordinates. The
superelement formulation is established by relating a set of constraint modes with the set of
deformation modes of the non-linear beam element. Furthermore, the time derivatives of the
generalized boundary coordinates are related to the absolute nodal velocities of the non-linear
beam element. The equivalent stiffness and mass matrices are then obtained by equating the
potential and kinetic energies of the reduced linear FE model and the non-linear beam element
model.
In Section 2 the formulation of the reduced linear FE model and in Section 3 the non-linear
beam element model will be described. Then in Section 4 the superelement description is
presented. The potential of the proposed methodology is demonstrated on the basis of two
spinning beam examples.
2 REDUCED LINEAR FINITE ELEMENT MODEL
Fig.(1) presents a linear FE model of a flexible complex-shaped beam-like component. In
order to construct a two-node superelement, boundary nodes p and q are introduced at either side
of the component. The local frame, (x′, y′, z′), in which the FE model is defined, is rotated such
that in the initial undeformed state the x′-axis points from boundary node p to q. The nodes on
the interface surfaces are rigidly attached to the boundary nodes, such that the boundary nodes
define their position and orientation. By means of the constraint modes of the Craig-Bampton
method [9] a reduced linear FE model is derived from which a two-node superelement can be
established.
Then the nodal displacements u of the linear FE model can be expressed in terms of the
boundary node displacements and rotations,
u = V η, (1)
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Figure 1: Finite element model of a flexible complex-shaped beam-like component.
where V is the matrix of constraint modes and η is the vector with boundary generalized co-
ordinates. A constraint mode is defined as the static deformation of a component, generated by
applying a unit displacement on a boundary coordinate while fixing all other boundary coor-
dinates [8]. A total of twelve constraint modes, see Fig. (2), are generated in this way: three
rotational and three translational modes at either side. The vector with boundary generalized
coordinates is then,
η =
[
upT ϕpT uqT ϕqT
]T
, (2)
where up, ϕp, uq and ϕq are the nodal displacement and rotation vectors of boundary nodes p
and q respectively.
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Figure 2: The twelve constraint modes of a simple FE beam model, as they appear column wise in matrix V with
corresponding boundary generalized coordinates.
It should be noted that these modes implicitly contain rigid body modes. A 6-D subspace
exists in the column space of the constraint mode matrix V , that spans the space associated
with elastic deformations. A convenient choice for the basis vectors of this subspace are the
constraint modes belonging to elongation V7, torsion V10, and the four bending modes V5, V11,
V6 and V12. The elastic deformations of the linear FE model can then be expressed as,
uf = Vf ηf , (3)
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where
Vf =
[
V7 V10 V5 V11 V6 V12
]
, (4)
and
ηf =
[
uqx ϕ
q
x ϕ
p
y ϕ
q
y ϕ
p
z ϕ
q
z
]T
. (5)
Here uf represents the vector of nodal displacements due to elastic deformation and ηf is the
vector of elastic boundary generalized coordinates, see Fig.(2).
The potential energy, PFEM, can be expressed as,
PFEM =
1
2
uTf KFEMuf =
1
2
ηTf K¯ηf , (6)
where
K¯ = V Tf KFEMVf . (7)
Here KFEM is the stiffness matrix and K¯ is the reduced stiffness matrix.
Differentiation of Eq.(1) with respect to time yields,
u˙ = V η˙. (8)
The kinetic energy, TFEM, is then defined by
TFEM =
1
2
u˙TMFEMu˙ =
1
2
η˙TM¯η˙, (9)
where
M¯ = V TMFEMV . (10)
Here MFEM is the mass matrix and M¯ is the reduced mass matrix.
3 NON-LINEAR BEAM ELEMENT MODEL
In this section a non-linear beam element will be presented which will serve as a basis for
the development of the two-node superelement.
The configuration of the beam element is defined by position vectors xp and xq and the
orientation of the orthonormal triads,
[
epx, e
p
y, e
p
z
]
and
[
eqx, e
q
y, e
q
z
]
rigidly attached to the
nodes p and q, see Fig.(3). The orientation of the triads can be computed from the initial
orientation, Re, and the rotation matrices Rp and Rq which describe the rotation of nodes p
and q with respect to the initial orientation,[
epx, e
p
y, e
p
z
]
= RpRe [eX , eY , eZ ] ,[
eqx, e
q
y, e
q
z
]
= RqRe [eX , eY , eZ ] .
(11)
Here eX , eY and eZ are the unit vectors in the global coordinate system. The rotation matrices
Rp andRq can be parametrized in several ways, such as by modified Euler angles, Euler param-
eters, Rodrigues parameters or the Cartesian rotation vector [10]. We use Euler parameters for
the parametrization of rotations, resulting in the following expression for a rotation matrixR,
R = ΛΛ¯T, (12)
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Figure 3: The configuration of the beam element expressed in the global coordinate system (X, Y, Z).
where the matrices Λ and Λ¯ are defined by
Λ =
 −λ1 λ0 −λ3 λ2−λ2 λ3 λ0 −λ1
−λ3 −λ2 λ1 λ0
 and Λ¯ =
 −λ1 λ0 λ3 −λ2−λ2 −λ3 λ0 λ1
−λ3 λ2 −λ1 λ0
 , (13)
with λ0, λ1, λ2 and λ3 being the four Euler parameters of the vector λ. Using Eq. (12) and (13),
the rotation matrices Rp and Rq can be written as
Rp = ΛpΛ¯pT, (14a)
Rq = ΛqΛ¯qT, (14b)
where Λp, Λ′p and Λq, Λ′q are defined by Euler parameter vectors λp and λq respectively.
Hence, the vector of nodal coordinates, x, which defines the positions and rotations of nodes p
and q, can then be written as
x =
[
xpT λpT xqT λqT
]T
. (15)
As the beam element has six degrees of freedom as a rigid body, six independent deforma-
tions, characterized by deformation mode coordinates ε, can be expressed as analytical func-
tions of the nodal coordinates [11],
ε = D (x) , (16)
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Figure 4: Graphical representation of the generalized deformations ε1 through ε6.
where
ε1 = l − l0,
ε2 = l0
(
epz · eqy − epy · eqz
)
/2,
ε3 = −l0el · epz,
ε4 = l0el · eqz,
ε5 = l0el · epy,
ε6 = −l0el · eqy,
with l = ‖xq − xp‖ and el = (xq − xp) /l.
(17)
Here l0 is the original length of the beam element. The deformation mode coordinates can be re-
present a set of generalized deformations, where the first generalized deformation, ε1, describes
the elongation of the element, the second one, ε2, describes the torsion and the remaining four
are the bending deformations. The generalized deformations ε1−6 are visualized in Fig. (4). All
generalized deformations are invariant under arbitrary rigid body motion.
The potential energy, PBeam, of the non-linear beam element can be expressed in terms of the
generalized deformations
PBeam =
1
2
εTSε, (18)
where S is the element stiffness matrix.
The kinetic energy, TBeam, of the non-linear beam element can be expressed as
TBeam =
1
2
x˙TMx˙, (19)
where M is the element mass matrix and x˙ is defined by
x˙ =
[
x˙pT λ˙pT x˙qT λ˙qT
]T
. (20)
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4 SUPERELEMENT DESCRIPTION
By linking the reduced linear FE model to the non-linear beam element model, a two-node
superelement is created that is capable of representing large rigid body motion and small local
flexibilities of complex-shaped beam-like components. This is achieved by equating the po-
tential and kinetic energies of the non-linear beam element model and the reduced linear FE
model.
4.1 Kinematics
In order to equate the potential energies, the elastic coordinates of the reduced linear FE
model, ηf in Eq.(3), should be related to the deformation mode coordinates, ε in Eq.(17) of the
non-linear beam element model. From Fig.(2) and Fig. (4) it can be observed that the vectors
ηf and ε can be related by the transformation
ηf = Aε (21)
where
A = diag
([
1,
1
l0
, − 1
l0
,
1
l0
, − 1
l0
,
1
l0
])
, (22)
In order to equate the kinetic energies, the velocity vector η˙ in Eq.(8) should be related to
the absolute nodal velocities, x˙ in Eq.(20). This is achieved by expressing the components of
the absolute nodal velocity vector x˙ in the local frame, (x′, y′, z′), in which the reduced linear
FE model is defined. The exact orientation of the local frame is not known, however assuming
that only small local deformations occur, a good approximation of this frame can be derived
by averaging the orientation of orthonormal triads
[
epx, e
p
y, e
p
z
]
and
[
eqx, e
q
y, e
q
z
]
defined in
Eq.(11). The average orientation, Rr, with respect to the initial undeformed orientation, Re,
can be computed from the average Euler parameter vector λr,
λr =
λp + λq
‖λp + λq‖ , (23)
where the differences between λp and λq are assumed to be small. According to Eq.(12), the
averaged orientation,Rr, is then
Rr = ΛrΛ¯rT. (24)
The local translational velocities in node p can be expressed in terms of x˙p using the average
orientation,Rr, and the initial undeformed orientation,Re,
u˙p ≈ ReTRrTx˙p, (25)
where u˙p are absolute translational velocities, i.e. they include both rigid body and elastic
deformation velocities, expressed in the local frame (x′, y′, z′).
Furthermore, the angular velocity vector, ϕ˙p, can be approximated by,
ϕ˙p ≈ ReTRrTωp, (26)
where ωp is the absolute angular velocity vector, with components relative to the global coordi-
nate system (X, Y, Z). An alternative approximation is given by,
ϕ˙p ≈ ReTω¯p, (27)
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where ω¯p represents the absolute angular velocity vector with components expressed in the local
coordinate system attached to node p. This approximation is also investigated by Cardona [4].
The vectors ωp and ω¯p are related to the time derivatives of the Euler parameters by the linear
transformations
ωp = 2Λpλ˙p (28)
and
ω¯p = 2Λ¯pλ˙p. (29)
Equivalent relations can be derived for node q. In matrix form Eq.(28), Eq.(26) and Eq.(25)
may be combined as,
u˙p
ϕ˙p
u˙q
ϕ˙q
 =

ReTRrT
2ReTRrTΛp
ReTRrT
2ReTRrTΛq


x˙p
λ˙p
x˙q
λ˙q
 (30a)
or
η˙ = B1x˙. (30b)
Alternatively, combining Eq.(29, Eq.(27) and Eq.(25) yields,
u˙p
ϕ˙p
u˙q
ϕ˙q
 =

ReTRrT
2ReTΛ¯p
ReTRrT
2ReTΛ¯q


x˙p
λ˙p
x˙q
λ˙q
 (31a)
or
η˙ = B2x˙, (31b)
The matrices B1 and B2 from Eq.(30b) and Eq.(31b) respectively, are referred to as nodal
velocity transformation matrices from here on.
4.2 Dynamics
The equivalent stiffness and mass matrices are derived by equating the potential and kinetic
energies of the reduced linear FE model and the non-linear beam element. Equating the potential
energies of Eq.(6) and Eq.(18) yields,
P =
1
2
εTATK¯Aε =
1
2
εTSε, (32)
where Eq.(21) is substituted in Eq.(6). From Eq.(32) it can be observed that
S = ATK¯A. (33)
Equating the kinetic energies of Eq.(9) and Eq.(19) yields,
T =
1
2
x˙TBTi M¯Bix˙ =
1
2
x˙TMx˙ with i = 1, 2 (34)
where Eq.(30b) or Eq.(31b) is substituted in Eq.(9) and Bi denotes either B1 or B2 depending
on which transformation matrix is substituted. From Eq.(34) it can be observed that
M = BTi M¯Bi (35)
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The virtual work done by external forces, fext, should be equal to the virtual work absorbed
by inertial forces, fin, and internal generalized stresses, σ,
δxTfext = −δxTfin + δεTσ, (36)
Using Lagrange’s equations, the virtual work done by external forces can also be expressed in
terms of kinetic and potential energy,
δxTfext = δx
T
(
d
dt
(
∂T
∂x˙
)
− ∂T
∂x
+
∂P
∂x
)T
. (37)
Substituting the potential and kinetic energy expressions of Eq.(32) and Eq.(34) in Eq.(37) and
evaluating the derivatives gives
δxTfext = δx
T
(
Mx¨+
((
B˙i −B∗i
)T
M¯Bi +B
T
i M¯B˙i
)
x˙
)
+ δεTSε, (38)
where B˙ and B∗ are respectively defined by
B˙ij =
∂Bij
∂xk
x˙k and B∗ij =
∂Bik
∂xj
x˙k. (39)
By comparing Eq.(36) with Eq.(38), the inertial forces and generalized stresses are expressed
as,
fin = − (Mx¨+ h) with h =
((
B˙i −B∗i
)T
M¯Bi +B
T
i M¯B˙i
)
x˙, (40a)
σ = Sε, (40b)
whereM and S are the equivalent mass and stiffness matrices and h are the velocity dependent
inertial forces.
5 EXAMPLES
5.1 Spinning beam
The performance of the two-node superelement is demonstrated by analyzing the spin-up
motion of a planar flexible beam with uniform cross-section from Ref. [12], see Fig.(5(a)). The
beam has a length L = 8.0 m with a rectangular cross-section of 0.03675 m by 0.001986 m, so
the area is A = 7.299 · 10−5 m2 and the moment of inertia is I = 8.218 · 10−9 m4. It is made
of aluminum with density ρ = 2766 kg/m3 and Young’s modulus E = 6.895 · 1010 N/m2. The
beam is accelerated from rest to a constant angular velocity. The prescribed spin-up motion is
given by,
e(t) =

0, t < 0,
Ω
T
[
1
2
t2 +
T 2
4pi2
(
cos
2pit
T
− 1
)]
, 0 ≤ t ≤ T,
Ω
(
t− 1
2
T
)
, t > T.
(41)
The final angular velocity is Ω = 4 rad/s and the spin-up time is T = 15 s, see Fig.(5(b)).
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Figure 5: Spinning beam model parameters (a) and angular velocity profile (b).
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Figure 6: Tip deflection ∆y′ (a) and percentile difference (b) of the non-linear beam elements and superelements
model. Percentile difference is computed with respect to the maximal tip deflection ∆y′max = 0.5388 m.
Fig.(6) shows the tip deflection ∆y′ computed by means of the superelement model and the
the model with four non-linear beam elements. A single superelement is based on a linear FE
model of a beam created using a large number of solid elements. Only a small relative difference
between the beam and the superelement model can be observed. During the first 15 seconds of
the spin-up motion, the maximal difference is only about 0.4%. Identical results were obtained
for the superelement model with velocity transformation matrices B1 and B2 from Eq.(30b)
and Eq.(31b) respectively.
Model number of elements Max. deflection [m]
SPACAR, non-linear 4 0.5388
SPACAR, superelement 4 superelements 0.5375
Wu and Haug [13] 4 substructures 0.556
idem 6 substructures 0.543
Table 1: Comparison of maximum tip deflections.
In table 1 the values of the maximum tip deflection, obtained by the non-linear beam element
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and superelement models, are compared with existing results. It can be concluded that they are
quantitatively in good agreement.
5.2 Spinning beam with out-of-plane bending
In a second example we consider a spatial beam which is connected by means of a universal
joint to a point O fixed in space, see Fig.(7). The universal joint is modelled by two hinges
with axes that initially coincide with the global Y - and Z-axes. The relative rotation angles are
denoted by e1 and e2 respectively, where e1(t) provides the spin-up motion described by Eq.(41)
and e2(t) represents an additional excitation,
e2(t) = 0.01 sin (15t) . (42)
X
Y
Z
ρ = 2766 kg/m3
E = 6.895 · 1010 N/m2
h = 0.04 m
w = 0.02 m
L = 8.0 m
e1(t)
e2(t) = 0.01 sin (15t)
L
∆y′
∆z′
z′
y′
w
hO
Figure 7: Spinning beam model parameters with out-of-plane excitation.
Fig.(8) and Fig.(9) show the tip deflections ∆y′ and ∆z′ in the horizontal and vertical direc-
tions as is depicted in Fig.(7). From the zoomed-in results shown in Fig.(8(b)) and Fig.(9(b)) it
can be observed that the superelement models are in good agreement with the non-linear beam
elements model. The superelement model with nodal velocity transformation matrix B2 per-
forms slightly better than with transformation matrixB1. This result is also repeatedly observed
by Cardona [4].
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Figure 8: Tip deflection ∆y′ (a) and a zoomed-in view of the tip deflections (b) of the non-linear beam elements
and the superelement models.
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Figure 9: Tip deflection ∆z′ (a) and a zoomed-in view of the tip deflections (b) of the non-linear beam elements
and the superelement models.
6 CONCLUSIONS
In this paper a two-node superelement is proposed to enhance the modelling capabilities
of a non-linear beam element. Two different approaches for the transformation of absolute
nodal velocities are considered. In the first approach, absolute translational and angular nodal
velocities are expressed in a local approximate frame. In the second approach, the absolute
angular nodal velocities are expressed in the local coordinate system attached to the nodes.
From the numerical examples it can be observed that the results obtained with both approaches
are in good agreement with existing non-linear beam element solutions.
Currently, the reduced linear FE model is described by twelve constraint modes. Only the
static deformation of the flexible beam-like component is correctly preserved in this way. In
future work the clamped-clamped normal modes, as in the Craig-Bampton method, will be
added for more accurate reduced dynamical models.
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